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Abstract. Let F be a non- Archimedean local field with finite residue field. Let J^^(F) be the collection 
of isomorphism classes of essentially tame irreducible supercuspidal representations of Gh„ (F) studied by 
Bushnell-Henniart. It is known that we can parameterize A'^{F) by the collection Pn{F) of equivalence 
classes of admissible pairs (E,^) consisting of a tamely ramified extension E/F of degree n and an F- 
admissible character ^ of E^ . We are interested in a finite symplectic module V = V{^) arising from 
the construction of the supercuspidal representation from the character J- This module V is known to 
admit an orthogonal decomposition with respect to a symplectic form depending on g. We work with a 
fixed ambient module U containing V and show that U decomposes in a way analogous to the root space 
decomposition of the Lie algebra gl^{F). We then obtain a complete orthogonal decomposition of the 
submodule V by restriction. Such decomposition relates the finite symplectic module of a supercuspidal and 
certain admissible embedding of L-groups. This relation provides a different interpretation on the essentially 
tame local Langlands correspondence. 



1. Introduction 

Let F be a non- Archimedean local field whose residue field ki? has q elements and of characteristic p. 
We study those irreducible supercuspidal representations tt, or simply supercuspidals, of GL„(i^) which are 
essentially tame. This means if /(tt) is the number of unramified characters of i^^ that stabilizes tt then p 
does not divide n/ f{n). Let ^^{F) be the set of isomorphism classes of essentially tame supercuspidals of 
GL„(F). 

We can classify the representations in A^l (F) by using the collection P„ (F) consisting of the equivalence 
classes of admissible pairs (E,^) such that E/F is tamely ramified of degree n and ^ is an character of 
E'^ admissible over F, in the sense of [BHOSa] . |Moy86| . We regard i?'^ as the F-point of the torus T = 
ResE/p'^m and assume that T is F- regularly embedded as an elliptic maximal torus of G = GL„. We hence 
write E'"- C GL„(F). There is a natural bijection (see |BK93] and chapter 2 of [BHOSaj l 

(1) 7::P„{F)^A:\F)AE,0'^^i 

whose construction is independent of the embedding oi E^ into GL„(F). We briefly describe the corre- 
spondence ([1]) in section [B] Note that when p \ n every extension of degree n is tamely ramified and every 
irreducible supercuspidal is essentially tame. In this case the correspondence ([Ij was studied in a precursor 
article |Moy86| . 

We will be more specific on the definitions and properties of admissible characters in section [5j Here 
we point out some of them that carry us to the main result of this article. Attached to each F- admissible 
character ^ oi E^ is a sequence of subfields E D Eq D Ei ■ ■ ■ D Ed ^ Ed+i = F and a sequence of increasing 
positive integers tq < ■ • • < r^. We call these two sequences the jump data of ^. They are defined by the 
following conditions. For = 0, . . . , d, 

(i) if r > rj, then the restriction of ^ to the (r + l)th unit group of E factors through Ne/Ej+i , and 

(ii) the field Fj+i is the minimum between E and F that satisfies condition 

The jump data are the basic ingredients in constructing the supercuspidal tt^ of the admissible character ^ 
as in (IlJ. The admissibility of ^ imposes certain conditions on the fields and the integers in the jump data. 
These conditions are summarized in Proposition l5.ll 
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As intermediate steps of (P) we produce several representations of subgroups in GL„(F), denoted by 
{H^,9), {J^,r]), and (J,Ao). Their constructions and the roles they play can all be found in [BHOSal , 
|BK93| . Each of these representations emerges from a theory in its own right. We give several well-known 
properties. 

(i) The subgroups H^, and J depend only on the jump data of ^ and the embedding C_ GL„(F). 
We have inclusions U}^ C ^ C C J. The subgroups and are compact, and J is 
compact modulo the center of GL„(F). 

(ii) The representations {£,\ul.^U}^), {H^,9), {J^,-q), and (J,Ao) are successive extensions. The representa- 
tion (i?^, 9) has degree 1, and is called a simple character of f . 

We are particularly interested in the finite quotient V = J^/H^, which is an ki?-space as well as an E^- 
module. The space V equips with a non-degenerate alternating Fp-bilinear form ho, which is defined by 
the character {H-^, 9) and is E'^ -invariant. Using the admissibility of ^, the space V decomposes into an 
orthogonal sum V = Vq® ■ ■ ■ ® Vd- Each component Vj is invariant by E"- and has trivial i?j^^-^-action (see 
Corollary 1 in 6.3 of [BHOScj ). We call this the coarse decomposition of V . The main result of this article is 
to study a finer decomposition of the finite symplectic module V . 

The approach is to first study an ambient module U called the standard module in this article. It contains 
respectively all possible F as ^ runs through all admissible characters. The action oiE^ on U is induced from 
a two-step descents. We begin with the conjugate action of i?^ on the space Endi^(i?) of F-endomophisms 
of E. Such action stabilizes the hereditary o^-order (see (1.1) of [BK93I ) 

21 = {A G EndF(i^)|Ap| C p| for all fc e Z} 

in Endi?(£') corresponding to the OF-lattice chain {p|;|fc G Z} in E. It also stabilizes the Jacobson radical 

:= {A G EndF(i^)|Ap| C for ah fc G Z} 

of 21. Hence the _E^-action descends to the kj^-vector space U := 2t/*Pa. 

We now recall that E^ is F- regularly embedded into GL„. Therefore E^ acts on the Lie algebra 0[„ by 
the adjoint action. Analogous to the root space decomposition of g[„ in the absolute case (i.e. when F is 
algebraically closed), the space EndF(-E) = gl„(F) decomposes into F^-invariant subspaces parameterized 
by the FiT'-orbits of the (absolute) root system $ — $(0, T) as follows. Write [A] = '"^A the Fi^-orbit of a 
root A £ There is a decomposition 

EndF {E)=E® EndF {E\x]. 
[A]erF\* 

where each component 'Ex\(1f{E)\^x] is an -E^ -invariant space over F. We call this the rational root space 
decomposition. This decomposition therefore restricts along to way from Endi?(£') to 21, ^Paij and finally 
U according to the descents previously described. We call this decomposition on U the residual root space 
decomposition. We give a complete description of such decomposition in Theorem 13.61 

As a ki^-subspace of U the space V has the F^ -module structure induced from [/, which is equivalent to the 
one induced from the normalization of the group J. The action oiE^ ox\V factors through i?^ — > E^- / F'^U]^. 
If we identify and k^ in the canonical way, then each root A G $ is well-defined on E^ / F'^U]^, namely 

XitF^'Ulj) = X{t) modpB. 

We have the following main result. 

Theorem 1.1. (i) The kp{E^ / F^U]^) -module V decomposes into a direct sum 

such that if V[X\ is nontrivial, then it is isomorphic to 
(a) a field extension o/k^; as \ip-vector space and 

(h) the {E'^ /F^ Up) -module with action *w = \{t)v for all v G V[a] and t G E^ /F^Up. 
(ii) As a symplectic space (with respect to the alternating form hg), the direct sum ofVin (0) is orthogonal 
with symplectic subspaces of the form 

(a) © ^[-A] if ^ and —A are not in the same Tp-orbit and 

(b) V[\j if X and —A are in the same Tp-orbit and A^ ^ 1. 
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Theorem 11.11 summarizes the main properties of the symplectic module V, which are estabhshed in section 
ini We call this direct sum the complete decomposition of V. Such decomposition is finer than the coarse 
decomposition. Indeed we can specify the component Vj in the coarse decomposition that contains Vj;^] for 
each orbit [A]. Since Vj has trivial E^^-^^- action for each j = 0, . . . , d, the following fact is clear. 

Corollary 1.2. The component V[x] is contained in Vj if and only if X\^x is trivial and A|^x is non-trivial. 

Originating from this Corollary, the orthogonality of the complete decomposition of V is quite elementary 
to be proved. This implies that the coarse decomposition is orthogonal, the fact that is originally proved in 
|]jH05c) . 

The decomposition in Theorem 11.11 is related to a result in a preceding article of the author |Tamb| . 
Recall that Langlands and Shelstad construct certain admissible embedding of L-groups — >• using 
a collection of characters called x-data, in the sense of [LS87I . We can regard the admissible embedding 
by a twisted induction process. The twist here is a character /i of . By comparing Proposition 4.2 of 
[Tambj and Theorem 11.11 in this article, we observe that the twist fj. factorizes in a way analogous to the 
complete decomposition of V. This relation then provides a different interpretation on the essentially tame 
local Langlands correspondence jBH05a| . We briefly discuss this application in section [71 

Throughout the article we will compute explicitly the components V[\] of V and the i?^ -action on them. 
The way is to identify the ri?-orbits of the root system <1> with the non-trivial double cosets rE\rir/r£; — {r^} 
as in Lemma Then we use an explicit description of the Galois group in section [51 Our main results will 
be rephrased in a way that the indexes are the double cosets in place of the FF-orbits of roots. 

Recently the author is told by his advisor Professor James Arthur that some of the setups of this article 
are similar to those in jKoc77| . Since Koch's result is to classify the primitive representations of the Galois 
group Tp , it would be interesting to know if we can compare the results in this article to his and hence study 
the more general Langlands parameters. The author is indebted to Professor Arthur for pointing out this 
fact and also his support and guidance. 

Notations. We fix our notations throughout the article. 

Let H he a, group acting on a set X. For h E H and x E X, we write for the action of h on x. The 
i/-orbit of a; € X is denoted by ^x. The collection of all i/-orbits of X is denoted by H\X. The set of fixed 
points is denoted by X^ . 

Given a field F, let F be an algebraic closure of F and Fi? be the absolute Galois group of F. Given a 
field extension E/F, its degree is denoted by \E/F\. We write Te/f — Ff/Fe. We denote induction Indp^ 
by liidE/F and restriction ReSp^ by Res£:/F. The valuation of a local field F is denoted hy vf- 

We denote a choice of a primitive mth roots of unity by (m, and the subgroup it generates by Hm- 

2. Galois groups 

Let E/F be a tame extension of degree n, with ramification index e and residue degree /. The multiplica- 
tive group F" decomposes into product of subgroups (vuf) x /ii? x Up. They are namely the group generated 
by a prime element, the group of roots of unity, and the 1-unit group. We have similar decomposition for 
E^- . By (Lan94) II. 5 we can always assume our choices of tn^; and zup satisfying 

(2) mp = Cp/pWF for some Ce/f & f-E- 

Let \s.p be the residual field of F. We may identify iip with k]^ in the canonical way. Denote '^p/p = 
E^/F^Up and its subgroups ^ — ^p/^p and zu — the subgroup generated by the image of wp in '^p/p. 

Let L be the Galois closure of E/F. Hence L/E is unramified and L/F is also a tame extension. With 
the choice oi iup and mp as in ([2]), we define the following i^-operators on L 

(i) (/) : C C foi' all C £ Mil "^-E H> C^'^-E and 

(ii) CT : C ^ C for all C G t^L, t^e H> QeVJp. 

Here is in ^p satisfying {C<ji'^EY ^ Cpjp'^F and Ce is a choice of a primitive eth root of unity in F^ . 

More generally we write vjp — (^iwp such that (^i — C^^^^ is an eth root of Cp/p ■ Notice that we 

have an action of </> on tr by (/> : cr H> (/i o ct o — a'' . Therefore we can write our Galois group as 

(3) Fi/j. = (a) X (</)) and F^/b = (0^ C (</,). 
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Proposition 2.1. (i) We can choose {a^(t>^\k = 0, . . . , e — 1, i = 0, . . . , / — 1} as coset representatives for 
the quotient T ^/p — Tf/^e- 
(a) Let q^\{a) he the set of orbits of {a) under the action of (j)^ , i.e. a i— > o'^* , then the double coset 
^ E\y F E is bijective to the set {q-^\{(j)) x {(/)). 

Proof. In general, if we have an abelian group B acting on a group A as automorphisms, and C a subgroup 
of B, then the canonical maps 

(A x B)/{lxC) ^ Ax (B/C), (a, b){l x C) ^ (a, bC) 

and 

(1 X C)\{A X B)/{1 X C) ^ iC\A) X (B/C), (1 x C)(a, 6)(1 x C) ^ (C\a,feC) 
are bijective. We take A x B — T i^^p and C = F^/^; as in ([3]). □ 

Later on we will have explicit computations on certain finite modules parameterized by double cosets 
[g] TeQ^e G ^eX^f/^e- We will adopt the notations in Proposition [2?T] 

3. The standard module 

Again E/F is tamely ramified. Let 21 be the hereditary order of EndpiE) corresponding to the OF-lattice 
chain {p|;|fc £ Z} in £^ and be its Jacobson radical, as introduced in section [TJ Let "^e/f = E^/F^Up. 
In this section we show that the 'kp'^ p / p-\j\oAn\e structure of the quotient space U := 2t/*Pa is naturally 
derived from the conjugate action of i?^ on Fjndp{E) and describe the complete decomposition of U into 
i?^-submodules. To begin with, we consider the following F- vector spaces with -actions. For alH G 
we have 

E (g) E with *(a; y) i-> te yt^^ for all x,y £ E, 

Endp{E) with (*T)(w) = tT{t-^v) for aU T e EnAp{E), and 

<iEE with = {''tt'^''x^a]V[g])[g] for aU x^g^,v^g^ S E. 

The following fact is well known. 

Proposition 3.1. The F -linear maps 

(i) E ® E ^ EjT\<ip{E), x®y\^{v^ iTp/p{yv)x), and 

(li) E®E-^ ®MGrE\r^/rE '^^^ x^y^ 
are isomorphisms of E^ -modules. 

Proof. Indeed Q is isomorphic by the non-degeneracy of the trace form tip^p, while ([u]) is isomorphic by 
considering all possible F-algebra embeddings E ® E ^ F . Notice that the isomorphism (ju]) is moreover an 
-F-algebra one. The E' ^ -invariance of both morphisms are clear. □ 

We identify EndF(-E') with q{F) = by choosing an F-basis of E and its subalgebra E with a Cartan 

subalgebra q{F)q of g[„(F). Recall that the roots of the elliptic maximal F-torus T = Yiesp/pGm in the 
F-reductive group G = GL„ are of the form with g,h G Vp such that 

[l]{t) ^ H{'H)-^ for all t e E"" ^ T{F). 

If we can choose a collection of representatives {^i = 1, ■ • ■ iSn} in ^f of Tp/Tp (for example, we can 
take those in Proposition 12. ip . then we can write the root system 

$ = <i>(G,T)-{[g]|*,je{l,...,n},z^j} 

Hence the canonical permutation oiTp on Tp/Tp induces an Fi^-action on $. 

Lemma 3.2. The set Tp\^ of Tp-orbits of the root system $ is bijective to the set {Tp\Tp/Tpy of non- 
trivial double cosets in Tp\Tp/Tp, by the map Tp\^ — > {Tp\Tp/Tpy [g] — TpgTp. 

Proof. The set of roots is F i?-equivalent to the collection of the off-diagonal elements in Tp/p x Tp /p with 
F^-action ^{giTp^g2Tp) — {ggiT p, gg2T p), whose orbits are bijective to the non-trivial double cosets. □ 
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Proposition 3.3. The F-Lie algebra g{F) = decomposes into Kd{E^) -invariant subspaces 

0(F)=g(F)o© 0(^^)[A]. 

[A]erF\* 

This decomposition is compatible with the one of F,iidp{E) induced by Provosition \3. such that 

3{F)o^E andQ{F)^^a^^ ^^EE. 

Proof. The first assertion can be derived by a simple Galois descent argument from the absolute case. More 
precisely, for every orbit [A] := '"^A G ri?\$ there is a subspace 0(-F)[a] in 3{F) such that 

0(F)[A] ®Fi^= 0(F)m 

the direct sum of the root space 0(-F')p for /i £ $. The second assertion is clear by Lemma [3.21 □ 

We call the decomposition of FindpiE) = q{F) in Proposition 13.31 the rational root space decomposition. 
We are going to show that such decomposition descends to the ones of certain o_F-sublattices of q{F). Let K 
be the maximal unramified extension of F in E. Consider the following Oj^-lattices contained in the i^- vector 
spaces in (|4]) 

Oei»e ■■= {oe Oe) + ^ OK^F^i^'k ®^%) E igi E, 

l<k<e<e-l 
k+e>e 

(5) 21 C EndF(£^), and 

O.EE^ 'EE. 
[g]erE\rF/rE [g]erE\rF/rE 

They are all _E^-conjugate invariant. Under the identification EndpiE) = 0l„(i^) and choosing suitable 
basis, the lattice 21 can be expressed in matrices partitioned into e x e blocks of size / x /, with entries in 
Op, and is blocked upper triangular mod pi?- 

Proposition 3.4. The isomorphisms in Provosition \3.1\ induce isomorphisms of Op -lattices as well as of 
E^ -modules in (S^. 

Proof. The OF-morphism OE(g)E 21 restricted from (P of Proposition 13.11 is clearly injective and E'^- 
invariant. To show the surjcctivity, we choose an OF-basis {wi, . . . , Wn} of Os such that 

VEiwi) = • ■ • = VE{wf) = 0, VE{wf+i) = • • • = VE{w2f) 
VE{W(^e-l)f+l) = • ■ • = VE{Wef) =6-1, 

We choose another OF-basis {w*} of Of dual to {wi} in the sense that 

tTE/p{w*Wj) = for i ^ j and tTE/p{w*w^) = \ ^ * I' " i ' 

\zup tor 2 = / + l,...,n 

Then we can readily show that, under the isomorphism E ® E ^ 'Ex\dp{E) — !> q{^{F), the element 
Tlii j '^iji'^i ® "^j) E ® E \s mapped to the matrix {Aij) where Aij — aijtT{w*Wi). We check the F- 
valuation of these entries. Suppose that w* and Wj corresponds to the fcth and ith block respectively with 
respect to the chosen bases. 

(1) If fc = 1, then we have ve{w*) — VE{wi) — and so aijtT{w*Wi) = atj G Op. 

(2) li £ > k > 1, then G OpWp^, vpiw*) — e + \ — k and VE{wj) =1—1. Hence aijtv(w*Wi) G Op. 

(3) When k > £, we have € Op and aijtr{w*Wi) = OijWp € pp. 

We have just shown that Op^s —J' 21 is surjective and therefore isomorphic. 

To deal with another isomorphism, we use the standard technique in chapter 4 of |Rei03j . Let M C be 
two free OF-modules of the same rank. Suppose the quotient N/M is isomorphic to ®jOp/pp as OF-modules. 
Define the order ideal of Of to be ordo^ {N/M) = Ylj Pf • We can compute the order alternatively as follows. 
If M = (BjOpXj and N = (BjOpyj such that Xi = o-ijUj for some a.y G Of, then ordo^^ {N/M) = Op det{aij). 
Suppose we have a trace form oi W = M CSp^^ F, i.e. a non-degenerate symmetric _F-bilinear form tr : 
W xW ^ F,we define the discriminant ideal of M with respect to the form tr to be d{M) = det tr(a;ia;j)oF. 
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Lemma 3.5. (i) We have the relation d{M) = Of{N /Mfd{N). 
(ii) If P and Q are free Op-modules, then 
(a) d{P ® Q) = d{P)d{Q), and 
(h) d{P®„^ Q) = d(P)™i^'3d(Q)™kP_ 

Proof. comes from the identity det iY{xiXj) = det(aij)^ det tr{yiyj), (jiial) is easy, and (|iibp is an elementary 
calculation of the determinant of tensor product of matrices. □ 

In the case when i? is a tame extension of F and M = Oe, we denote the discriminant ideal d{oE) of Op 
by d{E/F), which is known to be pp^'^'^K 

Now we show that the second o_F-morphism Oe^e '^^ee is isomorphic. It is clearly injective and 

i?^-invariant. To show that the map is surjective, we compare the sizes of Og ee a-nd the image of 
Oe ®of "s- We apply Lemma [?3t |iil) on 

M = Oe <^of Oe, N = ^ Osee and P = Q = o_b. 

[g]erE\rF/rE 

Let m be the F-valuation of the ideal 

[g]GrE\rF/rE 

In the tame case, we can compute 

TO = 2n/(e-l)-(e-l) ^ fi^EE/F). 

[g]erE\rF/rE 

The sum 

E fi'EE/F) 
[s]erE\rF/rE 

equals fn, as we know that 

\^EE/F\^dimFiE(E)FE)^n^ 

[g]erE\rE/rE 

and each ^EE/F has the same ramification degree e. Therefore by (P of Lemma [3.51 the order of 

^ OnEE /{Oe ®of Ob) 

j3]erE\rE/rE / 

is — gi^e(e-i)/2 Usiug the expression of ([5]), we can check that the order of Oe^eHoe ®oe Oe) is also 
qf e(e-i)/2 Therefore the morphism Oe®e ®[g\ '^^ee is surjective and hence isomorphic. □ 

By similar argument we can show that the o i?-sublattices of the lattices in ([S]) 

^E(SE '■= pE ®of PE C Oe®E, 

qJa C 21, and 

P^EE ^ O^EE 

[g]£TE\TF/TE [g]eTE\TF/TE 

are all isomorphic. We therefore have an k^-isomorphism 

(6) 2t/*Pa= OgEElP^EE= ksBB, 

[9]erE\rF/rE [g]erE\rE/rE 

which is moreover -equivalent. The i?^-conjugate action on both sides factor through i?^ /F^ [/ J, = 'i'E/F- 
We call the decomposition of ki?5'£;/^-module in ^ the residual root space decomposition. 

Let's describe the action of '^e/f on Sl/^Pa more precisely. Since 2l/*Pa is isomorphic to Af^ where 
M = 0[y(ki^), we regard M'^ as being embedded into diagonal blocks in 0[„(ki?). We first consider M as 
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a kf^/i- module. By embedding ^ g[y(ki?) (the choice of such embedding is irrelevant), we have (from 
section 7.3 of [BHlOj ) 

where Mi = k^; as kj^-vector spaces and C € acts by u for all u e Mi. Each of the characters 

C > C'^ i G Z//, is trivial on /i^?, hence is a character of /i. The 5'£;/^-module we are interested in is 

U = Ind*"^"M. 

Clearly U = 2t/*Pa as kj^-vector spaces. 

Theorem 3.6. (i) The ^/F-i^odule U decomposes into suhmodules 

U= Uki 

i£Z/f 
keqf\{Z/e) 

such that for each component Uki the "i! ^/r-O'Ction is given by X^i : ^ i— ;> C ~^ for all C, G /iB and 

(ii) The decomposition of U is equivalent to the residual root space decomposition for 2l/*P2t- 

Proof. (i) We have the decomposition U ~ ®ii=z/f ^'^'^ ^« ~ Ind*^^^Afi. Each Mi is isomorphic to k^, 
hence Ui is an e-dimensional k^-vector space. By we can choose a k^-basis for Ui such that vue 
acts as conjugation of the matrix 

Ce/f / 

i.e. tue cyclicly permutes the components k^, with the first component being permuted to the last 
followed by an action oi Ce/f G I^-e, which is the multiplication of CeJf ■ '^^^ eigenvalues of such 
matrix is Ce C^' foi' some fixed eth root Q^i of CeJp and some fc = 0, . . . , e — 1. Hence those Ce C^' iii 
the same rk^-orbit, i.e. those k (zli/e in the same g-'^-orbit, form a simple ^£;/i?-module. 
(ii) We use the identification in Proposition l3.2l If g — cr'^ip'^, then the action of on kg as a component 
of 2t/*Pa is induced from the conjugate action on ^EE and hence is given by '^^'CC"^ = C^'"^ for all 
C S /xb and w evj]^^ = CeC<;.»- Hence k^EE = k_E[Ce], which is just Uki- 

□ 

The k^jvl^^j/j^-module U is called the standard module. Using the notation in Lemma [2Tl we write Uki as 
U^^k^iy This notation is well-defined, i.e. the finite module ?7[g] is independent of the coset representative 
of [g], because if [g] = [h] then ^EE and '^EE have the same residue field. 

4. Symplectic modules 

In this section we introduce a symplectic structure on certain submodules of the standard module U = 
2t/*P2i- We first give a brief summary on finite symplectic modules, whose details are referred to |BH10) . 
We consider a finite cyclic group F whose order is not divisible by a prime p. We call a finite FpF-module 
symplectic if there is a non-degenerate F-invariant alternating form h : V x V ^ ¥p, i.e. 

h{'-fVi,'-fV2) — h{vi,V2) for ah 7 G F, G K 

Let Vx = Fp[A(F)] be the simple F^F-module defined by A G Hom(F,Fp ). Its F^-linear dual is just Vx-i. 

Proposition 4.1. (i) Any indecomposable symplectic ¥pT-module is one of the following two kinds. 

(a) A hyperbolic module is of the form V±\ ^ V\ (B Vx-i such that either = 1 or V\ ^ ^a-i • 

(b) An anisotropic module is of the form V\ with A^ 7^ 1 and V\ = Vx-i . 

(ii) If V\ is anisotropic, then |Fp[A(F)]/Fp| is even and A(F) C ker(iV]fp[_)j(-p')]/j'p[^(p')]^ ) the kernel of the 

norm map of the quadratic extension ¥p[X{T)]/¥p[X{T)]±. 
(Hi) The T-isometry class of a symplectic ¥pT-module (V, ft.) is determined by the underlying ¥pT-module 

V. 
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Proof. All the proofs can be found in [BHlOj chapter 3. □ 

We also call a symplectic FpF-module hyperbolic (resp. anisotropic) if it is a direct sum of hyperbolic 
(resp. anisotropic) indecomposable submodules. A special case is that if V is anisotropic, then V ® V 
is hyperbolic. By slightly abusing our terminology, we treat this as a special case of hyperbolic module, 
namely an even anisotropic module. Therefore by Proposition 14.11 (pTi|) . given a finite symplectic module 
whose F-action is known, we do not have to know the alternating form exactly. 

For each symplectic FpF-module V we attach a sign tp{V) G {±1} and a character tp{V) : F {±1}, 
called the t-f actors of V . We choose a generator 7 of F and set triV) = ip(F)tf (F)(7). We give the 
algorithm in [BHlQ] on computing the i-factors. 

(1) If F acts on V trivially, then 

t°Y{V) = 1 and tl{V) = 1. 

(2) Let V be an indecomposable symplectic FpF-module, then 

(a) liV = Vx®Vx-i is hyperbolic, then 

tSl(F) = 1 and tl{V)^sgnx^r){Vx), 

where sgn;^(p^(Vx) '■ T {±1} such that 7 M> sgn;^(^)(FA) is the sign of the multiplicative action 
of A(7) on V\. 

(b) liV = V\ is anisotropic, then 

t°.{V) = -1 and tl{V){^) = (^) for any 7 £ F, 

where IC = ker(iV]f [A(r)]/F [A(r)]±) for the quadratic extension Fp[A(F)]/Fp[A(F)]± and (— ) is 
the Jacobi symbol, i.e. for every finite cyclic group , 



) ^ \ 



1, ifxei?2 

otherwise 



(3) If V decomposes into an orthogonal sum Vi © ■ • ■ ® Vm of indecomposable symplectic FpF-modules, 
then 

W) = tWl) ■ ■ ■ thiVrn) for i = 0, 1. 

If p = 2, then the order of F is odd. In this case t^{V) is always trivial because all sign characters and Jacobi 
symbols are trivial. 

Remark 4.2. If V\ — Fp[A(F)] is anisotropic, then V (BV is hyperbolic, or precisely even anisotropic. The 
i- factors are the same whether we consider V(BV a.s hyperbolic or anisotropic. It is clear that tp{V®V) = 1 
in both cases, while t^{V (B V) = sgn^^^^V in the hyperbolic case and t].{V ® V) = t^{V)^ = 1 in the 
anisotropic case. Indeed sgn;^(-p-)F = 1. It is clear for p = 2. If p is odd, then by Proposition 14. Hp!]) we have 
that s = |Fp[A(F)]/Fp| is even and A(F) C Therefore lFp[A(F)] ^ //ipe/2+1 1 = p"^^ - 1 is even and 

sgnA(r)^ = (sgnA(r)Aip=/2+i)^°'""^ = 1- □ 

Suppose now F is a cyclic subgroup of "i/^^p. We study the symplectic F-submodules of the standard 
k£;^'_B/_F-module U. The cyclic subgroups fi and w of "^e/f are of our particular interest. For F = /i or tu, 
we regard U as an FpF-module by restriction, and compute the t-factors of the symplectic FpF-submodule 
of U. 

Recall in |Tamb| that [g] G (T e\T f e)' is symmetric if [g] = [g~^] and is asymmetric otherwise. If [g] is 
asymmetric, then U±^g] = U[g] © U[g-i] is a hyperbolic FpF-module. Write [g] = [a'^cf)'^] using the description 
in Proposition 12.11 If F = /z then we have 

tl{U±[^k^^]) = 1 and t^(C/±[^fc^,]) : C ^ sgn^^i_-^{U[„k^^]) for all C e fiE- 

In particular, if i = //2, then both [/[^fc0//2] and C/[(o.fc0//2')-i] contain the Fp/i- module Fp[a''^^ ^^(pe)] —^e, 
which is anisotropic indecomposable (see Proposition 19 of |BH10) ). Hence U^y„k^f/2^ is even anisotropic 
and 

*^l(f^±[cr'»0//2]) = 1 and tl^{U^y„k^s/2^) = 1. 



ON FINITE SYMPLECTIC MODULES ARISING FROM SUPERCUSPIDAL REPRESENTATIONS 



9 



If r = Tu, then we have similarly 

tl,{U±[^k^^]) = 1 and tl^{U±[„k^i]){wE) = sgn^fc^-^^. ([/[^fc^ij). 

Before we compute more t-factors we give some properties of symmetric [g] and the corresponding sub- 
module U[g]. 

Lemma 4.3. (i) The double coset [g] = [a''(jf] is symmetric if and only if 
(a) i = or, when f is even, i = f/2, and 

(h) e divides {q^* + l)k in case i = 0,, and divides {qfC^t+^)/^ + l)k in case i = f/2, for some 
t^O,...,\L/E\-l. 

(a) Let t = t]. he the minimal solution of Assume [g] ^ [a'^^^], then \U^g]/]iE\ equals 2tk in case i = 0, 
and equals 2tk + 1 m case i = f/2. 

Proof. Since (j) acts as a ^ cr', we can show that the inverse of a^cf)^ in T^/f is cr^*''^ where q is the 
multiplicative inverse of q in (Z/e)^. Also recall that Tj^/e = {'t'^), so the double cosets TEcy^fti^YE and 
V E{cr^ 4'^)~'^Y E are equal if and only \i i = —i mod / and q^^k = —kq^ mod e for some t. This implies (P 
by simple calculation. Since [/[gj is the field extension of generated by , the degree of {/[gj/k^; equals 
the minimal solution d of e\{qf'^ — l)fc. Therefore d must be the one indicated in □ 

We write J7±[g] the sub field of ?7[g] such that |?7[g]/C/±[g] | — 2. Notice that ?7±[g] contains k^ if and only 
if i = 0. 

Remark 4.4. In the exception case when \g] = [cr*^/^], we have [/[o--'/^] = ^e- The minimal solution in 
Lemma r4.3l(il| is ie/2 = 0. Also notice that [g] corresponds to the root A in $ that satisfies = 1. As we 
will see in Proposition 16.51 not all submodules of U admit symplectic structures. This implies in particular 
to ?7[CTe/2]. We only study with [g] ^ [1] and, in the case e is even, [g] ^ [(t'^/^]. □ 

Now we compute the f-factors for symmetric [g\. Suppose [g] = [a^] that k ^ or e/2. The group ^ e/f 
acts by the character A^q where Afeol;^ = 1 and Xmi'^E) = Ce ■ Since ^e acts trivially, we have 

i^l ([/[,.]) = 1 and ([/[,.]) = !. 

To compute i^(C/[g.fc]), i = 0, 1, we consider U^^k]^ — 'k.E\C,e] Fp-ro-module. Each simple submodule 

Fp[Cg] of U^^k]^ is anisotropic. We have the following property about its multiplicity. 

Lemma 4.5. The degree r ~ r[g.fc] ~ |k£;[Cg]/Fp[Cg]| is odd. 

Proof. We see that Afco(ro) is contained in ker{Nij^ tj/'^ii fc]) group of [q^^^ + l)-roots in U^^ky Suppose 
that r is even. If Fj,[Cg] has Q elements, then [/[cr''] has = g^-^**" elements. We have 

Afeo(t^) C Fp[C"]x r\Ver{Nu^^,^iu^^^k,) = Mq-i n Mq-/2+i C {±1}, 

forcing fc = or e/2. This is a contradiction. □ 

By Lemma 14.51 we have 

4(C/[,.]) = (-1)'^ = -1 and 4(C/[,.]) : we ^ 

where |Fp[^g]/Fp| = 2s and ^lp=+l = Vev{Nf^y^kyf^yi^k^^) for the quadratic extension Fp[Ce ]/Fp[Ce ]±. 

Now suppose [g] — [a^4'^/'^]. We first consider ?7[^fc0//2] as an Fp/i-module. Since Afej/2(^£;) = ker(7Vk^/k£,^) = 
A*q//2_|_i and Fp[As; j/2(M-e)] = ^e is anisotropic, we have 

and 

tl{U[.^^f/-]) : C ^ = ^ for all C G A^b- 

For [/[^fc0//2] as an FpOj-module, the action of vje is the multiplication of \kj /2{'^e) — CeC^/z^- We 
distinguish this value into the following cases. 
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(1) If CeC0//2 = 1, then ruE acts trivially and hence 

= 1 and = 1- 

(2) If CeC^f/2 — -1, then Uy^k^sii^ — and ^p[CeC4>f/^] = ^p- Since |k_E/Fp| is even, the module 
C/[CTfc0//2] is even anisotropic. We have 

tlj{U[a'/24,f/2]) = 1 and 4(f^[W20//2])(TOi=;) = sgn_i(J7±[^.^//2]) = 

(3) If CeCcfif/^ ±1) then similar to Lemma l4?5] we have that |C/[CTfc0//2]/Fp[Ce C^/z^ll is odd. Hence 

C(t^K0//2]) = -1 and i^(f7[^fc^//2]) : tob i-^ ( j ^ 

where |IFp[Ce C^/z^l/IFpl = 2s and /ips+i = ker(iV]F^[^j(; //2]/Fp[CjC //2]±) quadratic extension 

Fp[C'C0//2]/Fp[Ce'C0//2]±. 

We do not need these values of i-factors in the remaining of this article. However they play a very 
important role in a particular case of local Langlands correspondence. We will discuss this in section [T] 



5. Admissible characters 

We first fix an additive character ipp ■ F — > with level 0, i.e. ipF is trivial on pi? but not on Op- For 
any field extension E/F, we write V'b = '^f ° ii^E/F- Given a character ^ : — > , the i?-level rE{£,) of ^ 
is the minimum integer r such that = 1- We say that ^ is tamely ramified, or just tame, if 7'_b(C) — 0. 

It is called admissible over F if it satisfies the following conditions. 

(1) li — 7] o Ne IK for some character r\ oi , then E — K. 

(2) If ^lyi^ = ?7 o Ne/k for some character i] of U}^, then E/K is unramified. 

Clearly if ^ is admissible over F, then by definition it is admissible over K for every field K between E/F. 
Such character admits a Howe-factorization |Moy86| of the form 

(7) C = (Cd+i o Ne/f){U o Ne/eJ • • • (^0 o ^b/£;o)^-i- 
We need to specify the notations in ([7]). 

(1) We have a decreasing sequence of fields 

(8) E = £'_! ^ Eq ^ El ■ ■ ■ ^ Ed ^ Ed+i = F. 

Each is a character of Ef , and is a character of i^^ . 

(2) Let ri be the i?-level of i.e. the i^-level of o Ne/Ei, and r^+i be the £'-level of ^. We assume 
that ^d+i is trivial if r^+i — rd- We call the £^-levels ro < • • • < the jumps of f . 

(3) If Eq = E, then we replace (^o ° ^e/Eo)^-! by ^o- li Eq C. E we have that is tame and E/Eq is 
unramified. 

We define the wild component of to be Sq o Ne/Eo where Sq = {£,d+i ° ^Eo/f) • • • (Ci ° Neo/Ei)^o and the 
tame component of ^ to be = ^(Sq o Ne/Eo)^^- 

Proposition 5.1. For i = 0, . . . , d, we have the following, 
(i) If Si is the Ei-level of ^i, then Sie{E/Ei) — ri. 

(ii) There is a unique ai G {'^Ei) x f-Ei such that VEi{oii) ~ —Si and £,i\u^i (1 + a;) = ipEiio^ix). 

(Hi) Each character ^i is generic over -Ei+i, in the sense that Ei^i[ai] = Ei. 
(iv) We have the relation gcd(ri, e(£'/£'i_|_i)) — e{E/Ei). 

Proof, (m comes from an elementary calculation of the image of Ne /Ei ■ © and (pli]) can be found in section 
2.2 of |Moy86| . For ([Iv]), that Ei+i[ai] = Eihv^ implies that gcd{vE,{ai),e{Ei/ Ei+i)) = 1. Then ^ and 
dl]) imply the desired result. □ 
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Let P{E/F) be the set of admissible characters of i?^ over F. Two admissible characters ^ G P{E/F) and 
^' S P{E'/F) are called equivalent if there is g eVp that ^E — E' and = We denote the equivalence 
class of ^ by Pn{F) be the set of equivalence classes of admissible characters, i.e. 

Pn{F) = equivalence\ [\^P{E/F)^ 

for E' goes through tame extensions over F of degree n. 

6. SUPERCUSPIDAL REPRESENTATIONS 

We briefly describe how to parameterize essentially tame supercuspidals by admissible characters. The 
details can be found in |Moy86| , jBK93j . and are also summarized in [BH05a| . We first introduce certain 
subgroups of GL„(F). Let E D Eq D Ei ■ ■ ■ ^ Ed 13 F be a decreasing sequence of fields. Write Bi = 
End_B;(-E) and define 

*8i {a; e Bi\xp% C p| for all fc G Z} and 

qjgj. = {x G B^\xp% C p|+i for aU fc G Z} 

the hereditary orders in Bi corresponding to the o^;. -lattice chain G Z} of the Si-vector space E and 

its radical. We then define subgroups of B^ 

(10) C/25, = {x G B^ |a;p| = p| for aU fc G Z} and U^^ = 1 + qj^^,^ for j > 0. 

If E/Eq is unramified, then we can replace p^; by p^;^ in ^ and (ITU)) . We denote A — Endi?(i?) and define 
21, *P2i, C^a, and as in ([9]) and (|T0|) with replaced by A. The multiplication of i? identifies i? as a 
subspace of A. Choose an isomorphism oi A^ = GL„(F) so that E^ embeds into GL„(F) by an F- regular 
morphism. Then 21^, U<^, U^, Q3f , U<Bi and U^, embeds into GL„(F) accordingly. 

If the fields Ei are defined by the Howe-factorization of ^ G P{E/F) as in ([7]) with jumps {ro, . . . , r^}, we 
define two numbers ji and hi by 

(11) J^=['^\<h.= \_^\+l. 

Here [xj is the largest integer not greater than x. We construct the subgroups 

^^(o-^i„c/S^••c/4r^f^a^ 

(12) J\0 = Uh,.U'4^ ■ ■ ■ U^TK' ^ = U'SoU^. ■ ■ ■ KTK'' and 
3iO^E\m = E^JiO. 

We abbreviate these groups by H^, J^, J and J if the admissible character ^ is fixed. Notice that H^, J^, J 
are compact subgroups and J is a compact-mod-center subgroup. 

Now we briefly describe the construction in |BH05a| IBK93j of the supercuspidal representation from an 
admissible character ^ in five steps. 

(1) From the Howe factorization ([7]) of ^ we can define a character 6 = d{£^) on H^. This character 
depends only on the wild component Sq o Ne/Eq of ^- In fact according to the definition of simple 
characters in [BK93] . there can be a number of such characters associated to f . There is a canonical 
one 9{^) constructed in |Moy86| , which is called the simple character of f in this article. 

(2) By classical theory of Heisenberg representation, we can extend to a unique representation 77 of 
using the symplectic structure of = / defined by 9. 

(3) There is a unique extension Aq — A(So o Ne/Eq) of V on J satisfying the conditions in Lemma 1 and 
2 of section 2.3 |BH05a| . The restriction Ao|,/ is called a /3-extension of 77, in the sense of (5.2.1) 
[BK93] . 

(4) We still need another representation A(^_i) on J, which is defined by the tame component of 
^. Suppose ^_i|(7g is the inflation of a character of k^;. We flrst apply Green's parametrization 
to obtain a unique (up to isomorphism) irreducible cuspidal representation A„i of Gh\E/Eo\O^Eo) = 
J/J^, then inflate A_i to a representation A_i on J, and finally multiply ^(uje) to obtain A(^_i) 
on J — {vje) J- 

(5) The supercuspidal is defined by tt^ = cindj (A(^_i) Aq). 
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Remark 6.1. The wild component and tame component ft of f is defined alternatively in |BH05a| . 
Wc briefly explain that these choices produce the same representation on J. By construction we have 
f = (So o Ne/Eo)^-i = ?t«6- Since ^w\u^^ = (So o Ne/Eo)\uI,^ they induce the same simple character 
6 = 0{^). Therefore we have isomorphism of the /3-extensions A(ftu) — Aq ^ a where a is a tamely ramified 
character a on 

E^'U^So/U^a such that 
(^\u^o ^ ^oImeo ° detk^o ° (projj/,/i) and a{wE) = CH^£;)(So ° Ne/e„){'^e)- 

Here projjyj^ is the natural projection J — > J/J^ = Gh^E / Eo\(^Eo) ■ (Compare this to (5.2.2) of |BK93j 
concerning /3-extensions.) On the other hand, it can be checked that A(ff) = A(f_i) (g) a^^ . Indeed by 
construction in |BH05a| is trivial on /i^;. This implies that the Green's representations A* and A_i ® 
(So o detkEg) on GIj\e / Eo\O^Ea) are isomorphic. Therefore A(ft) ® A{S^w) = A(f_i) (g) Aq. With the Howe 
factorization of f in hand, it is more natural to define our wild and tame component of f as in the five steps 
in the preceding paragraph. □ 

For each irreducible supercuspidal representation tt of GL„(_F') let /(tt) be the number of unramified 
characters x of that x® — t^- Here x is regarded as a representation of GL„(F) by factoring through 
the determinant map. We have that /(tt) divides n by considering central characters. Recall that tt is 
essentially tame if p does not divide n/ /{tt). Let A1^{F) be the set of isomorphism classes of essentially 
tame irreducible supercuspidals. 

Proposition 6.2. The map P„{F) A'i^{F), (E,^) ^ tt^ is a bijection, with /(tt^) = f{E/F). 

Proof. The proof is summarized in chapter 2 of }BH05aj . □ 

We analysis the group extensions in step [2] and |3] in the five steps of constructing supercuspidals. Since 
the group J normalizes and , it acts on the quotient group V = V{^) = J^/H^. We usually regard 
V as an F^-vector space. We have a direct sum V — Vq ® • • • ® V^, where Vi = U^,_^^/U^,Ul^'__^^. By the 
definitions in (jlip the module Vi is non-trivial if and only if the jump is even, in which case we have 
Vi = *Bi+i/Q3,; + We call this sum the coarse decomposition of V. 

Proposition 6.3. Let , , 3 ,V,Vi, and 9 be those previously described, 
(i) The commutator subgroup [J^, J^] lies in . 

(a) The group J normalizes each component Vi and the simple character 9. 

(Hi) The simple character 9 induces a non- degenerated alternating ¥p-bilinear form hg : V x V ^ such 
that the coarse decomposition is an orthogonal sum. 

Proof. Some of the proofs can be found in jBK93) chapter 3, for example (jl]) is in (3.1.15), the non-degeneracy 
of the alternating form in (pIU) is in (3.4), and that J normalizes ^^ in (jii| is from (3.2.3). That J normalizes 
each Vi in ^ is clear by definition. That the coarse decomposition is orthogonal in (|m| is from 6.3 of 
|BH05c) . □ 

What are we interested in is the conjugate action of E^ on V restricted form J. By Proposition l6.3tpH) . 
The action of J, and hence that of preserves the symplectic structure defined by 9. By Proposition 
I6.3t|i| . the subgroup of J acts trivially on V, so the i?^ -action factors through E'^ /F" {E^ CiJ^) = e/f- 
Hence V is moreover a finite symplectic FpF-module for each cyclic subgroup F of e/f- By construction 
the kj?4'£;/^-module V is always a submodule of the standard one U — Sl/^Pa. We denote the f7[g] -isotypic 
component in V by V[g] , and call the decomposition 



[g]e(rE\rF/TE)' 

the complete decomposition of V . 

Theorem 6.4. The complete decomposition of V is an orthogonal sum with respect to the alternating form 

kg. 

Proof. Recall the bijection Fi?\$ — s> (TeXTf/^e)' in Lemma [3.21 and write V[g] as V[\] for suitable [A] G 
Fi?\$. For every A and /i G $ such that A ^ /x or choose a finite field extension of Fp, for example 
Fa/x = Fp[A(*£;/F), m(*£;/f)], such that V[a] and Vj^j (E)w^ Fa^^ decomposes into eigenspaces of 
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Let V € V[A] and w G V[^] . We can assume that v and w are respectively contained in certain eigenspaces of 
V[A] (SiPp V\fj_ and V[^] (8)Fj, Fa^. There is a unique ^'^j/^-invariant alternating bilinear form h of V (^w^ ^Xfi 
extending h = hg. Therefore h{v,w) = h{^v,*"w) = X{t)^{t)h{v,w) for all t G '^e/f- The fact that A ^ fi^^ 
implies h(v,w) = h{v,w) =0. □ 

For our purpose it is not necessary to know the form hg exactly. Indeed by Proposition 14.11 (jml the 
symplectic structure of V is determined by its underlying Fp^f^j/j^-module structure. We conclude this 
section by proving a promised fact, that not all components of U appears in the symplectic module V. 

Proposition 6.5. Let E/F he a tame extension and ^ run through all admissible characters in P{E/F). 

(i) If [g] £ T Eo/^ E = ^Eol^E, then V[g] is always trivial, 
(ii) If e ~ e{E/F) is even, then Vy^a/i^ is always trivial. 

Proof. The first statement is clear from the definition of J^{(,) and H^{^) in (|12p . For the second statement, 
let Ej D Ej+i be the intermediate subfields in (|8]) such that e{E / Ej+i) is even and e{E/Ej) is odd. By 
Proposition l5.H[ ivl) the jump rj must be odd, so Vj is trivial. Since cr'^/^ £ ^Ej+i —^Ej, the component 
V[g.e/2] is contained in Vj and hence is also trivial. □ 

A final remark here is that we can easily replace our indexes from the non-trivial double cosets (r_E\r_F/r£;)' 
to the orbits of roots ri?\$. We can then prove Theorem 1 1 . 1 1 and Corollarv ll.2l in a straightforward manner. 
Indeed Theorem II. It Hl) is clear from the description of the standard module U in Theorem 13. 6[ while ^ is 
direct from Theorem 16.41 and Proposition [^3] Corollarv 11.21 is just an easy observation from Theorem l6.4l 

7. An APPLICATION ON LOCAL LANGLANDS CORRESPONDENCE 

For establishing the essentially tame local Langlands correspondence, we include the following fact. Let 
Wp be the Weil group of F. For each irreducible complex semi-simple n-dimensional representation a of 
Wp, let f{a) be the number of unramified characters of Wp that % eg) ct = ct. We have that /(cr) divides n 
by considering determinants of representations. We call a essentially tame if p does not divide n/ f{a). Let 
Qn{F) be the set of equivalence classes of essentially tame irreducible representations of degree n. We have 
the following result. 

Proposition 7.1. The canonical map a : Pn{F) — s- Qn{F)i {E,C) ^ "'(C) = Indg/i?^ is a bijection, with 
f{am^f{E/F). 

Proof. See the Appendix of [BHOSaj . □ 

Let 

C = Ct:g^:{F)^A'^i{F) 

be the essentially tame local Langlands correspondence. The 'naive' correspondence Q1^{F) > Pn{F) 

An{F) does not satisfy all conditions of the essentially tame local Langlands correspondence. In other words, 
the composition 

^^ : p„(F) A g:'{F) A ^ P„(F) 

does not give the identity map on Pn{F). In jBHlOj it is proved that for each admissible character ^ of E^ , 
there is a tame character pfi^^ of E^ , called the rectifier of ^, such that pn^S, is also admissible and 

The rectifier pfi^^ is explicitly described in (BHOSaj, |BH05bj . [BHlOj . and so is the correspondence C. 
Each of its value is a product of i-factors with a factor of a product of Gauss sums. The i-factors are those 
fp(Vj) for i = or 1, the group F = /l( or tu, and Vj a component in the coarse decomposition of V . With our 
complete decomposition of V in hand, we can further decompose these values. Hence we obtain a product 
of tp(Vit,]). It can be shown [Tama] that these factors constitute a tamely ramified character /^[g],^ of E^ . 
We can write 

Fl^i = n ^[9l^«- 

[g]e{WE\WF/WEy 

Such factorization is related to a previous result about admissible embedding of L-groups [Tamb] . We 
write G = GL„ and T = ResE/pG-m- Let = G x Wp and = T x Wp be the corresponding L-groups. 
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Langlands and Shelstad described in general how to construct admissible embedding -> ^G, in the sense 
of [LS87j . It depends on a choice of characters {xx} called x-data. Here each character xx is defined on the 
multiplicative group for certain field extension E\ / E and the parameter A runs through certain subset in 
the root system $ = ^>(G, T) that represents the W^F-orbits of $. These characters satisfy certain conditions 
of symmetry inherited from a chosen positivity of $ and its WV-action. By the identification in Lemma [221 
we can write our x-data as {Xg\ where g runs through a set in Wp representing the non-trivial double cosets 
in {We\Wf/We)' ■ 

For each character ^ of T{F) = E^ we can attach a morphism ^ : Wf (see section 2 of |Tambj ). 

called a Langlands parameter of ^. Suppose x = X{xg} ■ ~^ admissible embedding defined by 

X-data {xg}- Write n = Mfx,} = Ylg XsI-B^ • The following is proved in |Tambj . 

Proposition 7.2. The representation of Wp defined by x° £, ■ Wp — > — > — > GL„(C) is isomorphic 
to lndE/p{£,^i)■ 

The following theorem is a relation between x-admissible embedding and the essentially tame local Lang- 
lands correspondence, whose proof is in (Tama] . 

Theorem 7.3. For each ^ G P{E/ F), the factor ^J■[g]^^ of its rectifier p^^ is of the form Xg,cl£;x for some 
canonically chosen x-data {Xg,?}- 

The values of each Xg,^ is a product of t-factors of Vj^j as mentioned. Comparing Theorem [731 to Propo- 
sition I7.2[ we know that the essentially tame local Langlands correspondence should be described as an 
induction process twisted by a character constructed by canonical choices of x-data {Xg.c}- other words, 
we can therefore interpret the essentially tame local Langlands correspondence in a reversed way 

^ = Indp/piFt^^'O = °l> 

where X{^-i} ■ — )■ is the admissible embedding defined by {Xg^J}- Hence the rectifier enjoys the 
properties, e.g. the symmetry structure, inherited from that of {Xg}- We will study these properties after 
proving Theorem 17.31 in |Tama] . In a nutshell, the essentially tame local Langlands correspondence can be 
expressed in terms of the admissible embeddings of L-groups defined by x-data. 
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